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Abstract
In this paper, author introduce a new Salagean-type integral operator in the open unit disk by

the term of the extended generalized Mittag-Leffler function. Based on this operator, we

investigate some new differential subordination for holomoephic functions having the

property of bounded turning.
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1. Introduction and preliminaries

In complex analysis, geometric function
theory (GFT) is a remarkable area. It deals
and studies the geometric properties of
complex holomorphic (regular) functions.
This theory was crated by Riemann [1] in
1851, when Riemann given a considerable
outcome named the "Riemann mapping
The

of Univalent

(UHFT) is

theorem". Theory

holomorphic Functions the
cornerstone of Geometric Function Theory
(GFT). Indeed, in 1907, Koebe [1]
introduced the notion of univalent function,

which contributed significantly to the origin

of the Univalent holomorphic Function
Theory. Let H(a)denote the class of regular
the unit  disk

functions  in open

A:{zeD:‘z‘<l}. For a«ec0 and ken, let

H [a,K]={(peH(A):(p(z):a+aKzK+ aK+lzK+1 +}

Let
A :{(peH(A):(p(z):z +a,{z’<+a,(+lz’<+1+_,,}_

Further, denoted by A the class of functions

¢ of the form ¢ )=z + ; a,z’, that are
K=2

normalized regular functions in A. The
subclass of A including univalent functions

denoted by s. Thus s is the class of all
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normalized univalent functions in A. In
1913, Study [2] considered the concept of
convex function as: A function ¢eA is said
to be a convex function if the image ¢ (a) is
convex domain: that for

means any

2.2, €0(d), implies that Sz +(1=5z, €0 (A)
for

0<¢&<1. Expressed analytically, this

geometric property is equivalent to the

condition % [1+Z¢f((z))) >0, z e A. The subclass
Pz

of functions ¢eA consisting of convex

functions is denoted by cv, and cv es, [2].

Another subclass of s is the subclass B(A)
that includes functions ¢ € A so that
R(p'(z) > p. (0<p<l, zen). (1)
The functions in B(A) are called functions of

bounded turning functions (functions whose

derivatives have positive real parts).
Obviously, B(A)cB(0)=: B, which was first
introduced and studied by MacGregor [3] in
1972. More recently, this type of subclass
has been studied and generalized by various
mathematicians, ([4], [5]).

The theory of differential subordination is
the complex analogue formal of differential
inequality on the real line, that has developed
over the recent years. Valuable reference on
this study is in [6] This topic has been
pursued and investigated by different
researchers, one may point to ([4], [7]-[10]).

Recall that for ¢, eH(a) The function ¢ is

subordinate to y, written ¢ <y , if there is a
Schwarz function ¢, holomorphic in A with
and such that

9(0)=0 o (z)|<1 z e

¢(z)=v(p(z)). In particular, if the function
w 1s univalent in A, then ¢ <y if and only if
#(0)=w(0) and ¢(A)c v (a). The following
concept was given by Miller and Mocano
[6]:

Let ®:0°xA—0 and let v be univalent in
A. If x4 is regular in A and satisfies the
differential subordination,

O (u(z),2(z),2)=<v (=), 2
then x 1s said to be a solution of the
differential subordination (2). The univalent
function « is called a dominant of the
solution of the differential subordination (2),
or simply dominant, if u<we for all 4

satisfies (2). A dominant & that satisfies
@< o, for all dominant » of (2), is said to be
the best dominant.

The following outcomes are required in this
investigation.

Lemma 1.1 [11] Let v be a convex function,
with v(©)=p and let ¢ceb:=0\(0) be a
complex number with % (¢)>0. If peH[a, «]

and
y(z)-i—éz,u'(z)<v(z), (3)
then 4 (z)<w(z)=<v(z), where
¢ -1
w(z):mét(@/") )y (t)dr. (4)

The function » is convex in A and is the
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best dominant.
Lemma 1.2 [12] Let % (»)>0 and

K2+\r

‘2—‘1(‘2—}”2

P aewm ) ®)
Let v be a regular function in A with v(0) =1

and suppose that

? [1 + ZVV(EZ) )] >—p. (6)

K+l

If p(zy=t+pu 2%+ pu .z +..0 is regular in

A and

1
u@E)+—zpy(z)<v(z), (7)

p
then x(z)<w(z), where » is a solution of the

differential equation

0@ +Ez0(z)=v (2), 0(0)=], (8)
r
given by
r z —1
w(z)zmét((r/’() )y (t)dr. 9)

Moreover o is the best dominant.

In Geometric Function Theory (GFT), a
variety of linear and nonlinear (differential
and integral) operators have been considered.
Operators are actually used to study new
subclasses and their geometric properties. In
1915, Alexander [13] introduced a first
integral operator on A named Alexander

operator and defined as:

Io(z)=To(t)i  dr.
0

This study was followed by Libera [14],

Bernardi [15] and others. In 1983, Salagean

[16]

(10)

imposed a r-order  integral

operator /%p(z), namely Saldgean integral

operator, as follows: For a function

pehA el and 77 :A— A, such that

1% ()= (),
Ho(z)=1 oz )=] p(t): " dt.
0 (1)

©
Ir(p(z)zl(lf_lga(z)): z+ Y 2K K
k=2 ¥

This operator (11) reduces to Alexander
operator (10) if r=1. It has attracted the
attention of many researchers. One may refer
to some of their contributions [17] and [18].
Special Functions (SF) are another important
type of functions that are defined by the
power series. They are a significant theme in
mathematics dating back to the 19th century.
The important role played by special
functions in Geometric Function Theory
(GFT), particular by the hypergeometric
function in proofing the famous problem in
1984 so-called Bieberbach's conjecture [2],
gives function theorists a renewed impulse to
study the classes of special functions.

In 1903, Mittag-Leffler [19] imposed the

following special function:

0 ZK

. z) :KzoF(nK—l)!’ (z,nel,R{n}>0).

This function is a generalization of the
exponential function, which has numerous
applications in various fields engineering and

science. Furthermore, several authors have
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investigated and studied Mittag-Leffler type
functions. For instance, Srivastava et al. [20],
Srivastava and Bansal [21] and others.

In 2017, Rahman et al. [22] introduced the
extended generalized Mittag-Leffler function
as:

Mé',q,a (Z' )_ ; Bp(5+Kq,a—§)(a)Kq é
Ty 7p =0 B(5a-8)Tn-1)! «!’

(z,n,y,0,aell, iR{a}>iR{§}>O,§R{7]}>O,‘.R{7}>O).
.. (12)

where B(n,m) 1is the classical Beta function

and B, (n,m) 1is the extended Beta function

as:
1

Bp (n,m)= Itn—l(l_t)m -1 e—(p/t(l—t)) dt,
0

@ {n}>0, R{y}>0, R{p}>0).

... (13)

Motivated by previous works, we define a
new Salagean-type integral operator in the
open unit disk by the term of the extended
generalized Mittag-Leffler functions. Based
on this operator, a subclass of holomorphic
functions having the property of bounded
turning is introduced. Further, some results
concerning an application of differential
subordination for functions involved in this
new subclass are discussed.

2. Imposed Operator o o()

This section presents a new Saldgean type
integral operator Qz_(o(z) by using the
extended

generalized Mittag-Leffler

functions Mf]’}q/’” (z;p) givenin (13).

Firstly, we modify the extended generalized

Mittag-Leffler function Mg’;’/’a (z:p) defined

in (13) as:
o0q.a( .\ _|IT(y)B(d,a-9) 0,q.a (.
.y (Z’p){ B, (5.a-0) }Mw (=:0)

. OZO L(7)Bp (0+(k-1)g.a=0) (@)(x-1)g z¥

k=2  Bp(3.a=5) T(n(k-1)+y) (k=11
. (14)
By employing the function Qf]’}q/’a (z:p)

given in (14), we consider the following

Salagean-type integral operator: For a

function pelrel,, 0<0<]1 and

0’

o' : A A, such that

((o/1-0)+1) th((g/l_a)—l)
z((o—/l_o-)_l) 0
oo T(7) By (5+(5-1)4.a-8) (@) -1)q ]
B (5.0-0) T(n(x-D)+7) (-1 (o4x(o-1)) ] | ¥

ng o(z)= (Qg:?,’a (z:p)e(z )) dt

=z+ K

k=2

05 0(2)=05 (D5 o(2))

o0
=z+ X
k=2

L(7) Bp (6+(x-1)q,a—5) (@)(x-1)q -
Bp(5,a—5)l"(77(l(—l)+y)(K—l)![(o‘+/((o‘—l))] o

... (15)
Remark 2.1 Note the following special

cases:
1. For 7 =0, we acquire Q% o(z)=0(z),
2.For 0=0 and p=¢g=y=6=p=r=1, we

achieve Qop(z)=z+ 3 9K K,

K=

3.For =0 and p=gq=y=5=5=1, we yield

T M1 F P
Q z)=z+ X | — z".
Ow( ) K=2|: KJ o
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3. Differential Subordination for %, (p)
This section is devoted to provide a subclass

R,(p) of bounded turning functions that

comprises a new operator 0 ¢(z) defined in

(15).
differential

Moreover, several applications of

subordination for functions
included in this considered subclass are

investigated.

Definition 3.1 Let ¢ € A, then ¢ € ®,(p) [the
subclass of bounded turning functions that
contains the operator (15)] if it satisfies the

following inequality:

‘R((Qg— (/)(Z)),J >0, (0<p<l, zeA). (16)

Remark 3.1 For =0, the subclass %,(p)
(16) reduces to the subclass B(gp) (1).

Theorem 3.1 The set %, (p) is convex.
0

Proof. Let ¢,(z)=z+ X axnk iin=1,2,.)
K=2

be in the subclass %, (p). It is sufficient to

show that the function 6(z) = jz ¢ o (2)j With
2

n=

. J ..
¢l.ca ...c, nonnegative and ¥ ¢,=1 is in
n=2

Ro(p). Since g(z)=z+ 3 [ $ e on (z)}’f, then
k=2\n=2

R (Qg (o(z))’ >1+ Jz en (p-1)=p. Thus, we
n=2

gain the desired result.
Theorem 3.2 Let » be convex function in A

with ©(0)=1 and let

(17)

V(z)za)(z)+ﬁa)'(z),

where ¢ is a complex number with

and zeA. If ¢pe%R (p) and

R(¢)>-2

F=1s(p), Where

S+

2746 18
F(z):lgw)(z):ﬁ—ﬂét p)dr, (18)

then

(Qg- (p(z))'-< v(z), (19)
implies
(Qg- F(z ))’ <w(z), (zeA), (20)

and this result is sharp.

Proof. From the equality (18), we obtain
2t E(z) = (./;+2)ij4 p)dt, (R(¢)>-2.z¢€h),
0

...(2D)

Differentiating (21), with respect to z, we
yield

($+1) F(z)+z F'(z)=(<+2) o(2)

and
(¢+1) Q5 F(=)+2 (@5 F ()| = (6+2)05 o ()

...(22)
Differentiating (22), we deduce

' ” ’

1
(05 F(2) +;+2Z(Qg F(z)) = (@5 o(z)) -
....(23)
Utilizing the differential subordination (19)

in the equation (23), we have

(25 F () + glzz (05 F()) <v(z). (24)

Let

I9BRAS, April 2018, 7(4)

588



Hiba F. Al-Janaby Research Article
K2 - ‘Kz 2 L (e ()= (1), (37)
P 4R {r} (30)

Let v be a regular function in A with v(0)=1

and suppose that

If » € %:(p) and F=1¢(p), where F is defined

(31

in (18), then

(05 0(z)) <v ). (32)
implies

(Qg F(z ))' <o), (33)

and o 1s the solution of the differential

equation
v(iz)=w(z)+ ./;1+2 za'(z), o(0)=1, (34)
given by
z
o(z) = Zi;:rzz (j)tgﬂ v(t)dt. (35)

Moreover o is the best dominant.

Proof. By considering =1 and r=¢+2 in
Lemma 1.2, then the result is yielded by
using the similar manner of the proof of
Theorem 3.2.

Remark 3.2 Considering

vor= B 0z, (36)
in Theorem 3.3, we achieved the following
outcome.

Theorem 3.4

If  0<p<i0<o<lrel ,R(¢)>-2 and

F=I(p) is defined in (18), then

where /= ‘m‘in R_(1)=/(z,p) and this result is
z |=1

sharp. Further

0=z, 0)=2p-1+2(¢+2) (I-p) w(£), (38)
where
z {42
Gt
w(¢)= (I) o (39)
Proof. If we let v(z):l_(zﬂ, then v is

+z

convex and by Theorem 3.3, we deduce

' C+2 2 g 1-(2p-1)
(QSF(Z)) <ole) - 2612 (j)thr 1+t dt

2A¢+2) (1opy 2e6H

=201+

2612 o 1+

2(¢+2) (1-p)
=2p—14 2 TV )
P -1+ C¥2 w(S)

....(40)
where w(¢) 1s given by (39). If %(¢)>-2,
then from the convexity of » and the fact

that o(A) 1s symmetric with respect to the

real axis, we have

m{(gg F(z ))} > min % {o(z )} =% {o(1)} = ¢z, )

‘z ‘:1

=20 -1+2(5+2) (1=p) y ().
....(41)
where y(¢) 1s given by (39). From (40), we

obtain 1, (iR,(go))ciRT(z), where ¢ is given

by (28).
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